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Application of the resolution of the characteristic-free 
resolution of Weyl module to Lascoux resolution in 

case (6,6,3) 

Haytham R. Hassan, Mays M. Mohammed 


Abstract — In this paper we study the relation between the 
resolution of Weyl module K £ 6 3 J 11 in characteristic-free mode 

and in the Lascoux mode (characteristic zero), more precisely 
we obtain the Lascoux resolution of A5 & 6 Ti F in characteristic 

zero as an application of the resolution of 
characteristic-free. 

Index Terms — Resolution, weyl module, Lascoux module, 
divided power, characteristic-free. 

I. INTRODUCTION 

Let R be commutative ring with 1 and F be free 
R-module by D^F we mean the divided power of degree n. we 
used the resolution of the three-rowed skew-shape 

(p + t 1 + t 2 , + % r )/C r i + t 2 ' h' ,and in our case 
cq = t 2 = 0 , namely , the shape represented by the diagram 


t 

t 


q 




P 


In [7], the description of the characteristic zero skeleton by 
Lascoux in the resolution of skew-shapes. Practically the 
terms of Lascoux resolution can be recovered with in the 
formula offered in [3] and [8]. Furthermore in [1], by using 
letter-place methods and place polarization in a symmetric 
way we get the application of the results mentioned above. 
For the corresponding Weyl module to the partition 
A = (2,2,2} the relation between resolution of A, :: (F) in the 

characteristic-free module and in the Lascoux mode 
(characteristic zero) are studied. By this comparison, the 
characteristic-free boundary maps are modified to obtain the 
obvious maps of the Lascoux case. One of the generalization 
of the techniques used in [2] for the partition A— (3,3,3) by 
Hatham R. Hassan. 

In section two, we review the terms of characteristic-free 
resolution of Weyl module in the case of the partition (6,6,3). 

In section three we apply this resolution to the Lascoux 
resolution in the same case by using the way in [1] and [2] 
with capelli identities [3]. 
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II. Characteristic-free resolution of the partition 

(6,6,3) 


We will use the terms of the resolution for three -rowed 
partition ( p,q,r ) to discuss our research. 

The terms of the resolution are: 


Res ({p,q;0])®iX ©S^z^yRes (\p,q+l+l ;l+l\) 




. 'L +ll 


Res © : ± 2 : ' y± 2 z ' z 


([/?+Z : +1 +. z +1,i 2 - i J)@ Bt-'l +i s 4 35 

In particular, if we consider the case when p=q= 6, r —2 
from above we get 

Res([6,6,0])®o, ©S^z^y 
Res([6,6+/+1;/+1])© Z^S^^r 

Res([6+Z^+l,6+' 3 +l,i! 3 — ZJ)©lV^ + i J+3 j 
(3.1.1) 

So 

Res([6,6+/+1;/+1 ])« 

=2j,yRes([6,7;l])® ffiz£ ; y Res([6,8;2])@j3 : ©z^'y 

Res([6,9;3])®A, 

and 

S -ft +!.} 

± 33 y ± 21 

Res([6+Z 1 +l,6+I z +l;Z 2 — i-d) © +i 2 

= ZjjE Res([7,7;0])® ® z™y Res([7,8; I ])© 

Where Aa 2 > r is the bar complex 


0 


IJ ^*227 f ^32 u 

f2'i 

is the bar complex ZJj 2 j ;y 




* Z 


0 


0 




3, 


Z g 2 yZj 2 y — zin-y —+ z 


■ -ir 

32 > 

(SL 


m 

32 


o 


is the bar complex ZJj 2 >' 


™vZ- 




32 


32> 


*Z. 


w 

32 


D 0 J i.- 3 3 V 


d,*. J 


32 /*22 


V Z 


32. 


-H 


© 


and Z ai 2 is the bar complex 
H- - * 


Z ■ 3 ^ z 


Z g 1 0 


Where x, y and z stand for the separator variables, and the 
boundary map is d x + d y + ^ . 

Let again Bar(M,A;S) be the free bar module on the set 
S={x,y,z} consisting of three separators x, y and z, where A is 
the free associative (non-commutative) algebra generated by 
Z 21 ,Z g: and Z gi and their divided powers with the following 
relation* 

anrl 7 0*0 7 _ Y ^Y (^9 _ 7 (^9 7(G) 

dIlu *21 *31 ” *31 *21 *32 *31 — *31 *32 

and the module M is the direct sum of tensor products of 
divided power module © D Pz ® Dp 2 for suitable A l ,jP 2 and 

Ag with the action of Z 2L ,Zg : and Z gi and their divided powers 


Now, from all of the above, we can explicitly describe the 
terms of the characteristic-free resolution (3.1.1), which are as 

follows: 
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Application of the resolution of the characteristic-free resolution of Weyl module to Lascoux resolution in case (6,6,3) 


o In dimension zero (jV f c ) we have D 6 ® D 6 ® 2>g 
o In dimension one ) we have 

• Z^-*£> 6+& 0 D s _ b 0 Z> a with £>=1,2,3,4,5,6 and 

yD £ i® ®i _ q . 

o In dimension two (Af z ) we have the sum of the following 
terms: 

• Z^ i "■ Jl-^ &+1 q\ ® £' 6 -1 e?i 0 ^3 » with 

[b|| = b^-r b 2 = 2,3,4,5,6. 

• Z^yZ^xD 6+b ® D 7 _ b ® £> 2 ; with b=2,3,4,5,6,7. 

• ® ® ; with £>=3,4,5,6,7,8. 

• z^yz^yo* 0^Wi ® Os-ihi ; with *=2,3. 

• JjD 6+& ® ^9-6® D o ; With *=4,5,6,7,8,9. 

• “gjV^a ® £t 6-ff ® ^ 2 - i? ; with *=1,2. 

o In dimension three (Afg) we have the sum of the following 
terms: 

• Z^'xZ^xZ^xD 6+m 0 @D, ; with 

|b|| = b 1 + b 2 + b a =3,4,5,6. 

• Z^Z^XZ^ Z -xD 6+m © £) 7 _ !£ ,| ©0 3 ; with 

[b|| = J?! + b z =3,4,5,6,7. 

• Z® yz£ J *z£^ *0 6+ 1 si ® Dt -1 ,| ® D ! ; with 

W = b L + b z =4,5,6,7,8. 

• ZgjrZg^yZiJ7f£) 6+ ^ ® 0; with £>=3,4,5,6,7,8. 

• aZ^-- ^^*+|£?| ® &9-\b\ ® ; with 

|b|j = b t + b 2 =5,6,7,8,9. 

• ^giyZgnVZ g -J-' f 1 £ ® Z'q ® jD [j 

• Z 22 Y z 32yzli xD &+b ® ® ^0 ; with £>=4,5,6,7,8,9. 

• Z g2 yZg J'> r Z 2 J"6^^ ® £Vb ® ^0 ; with b=4,5,6,7,8,9. 

• Z^Z 3L zZ^- jcJ? 7+ ^ ® D 7 _ b ® jD 1 ■ with 

£>=1,2,3,4,5,6,7. 

• Z^yZ^zZ^x-Dj+j, © D s _ b ® ZJ 0 ; with 

*=2,3,4,5,6,7,8. 

• Zg 2 yZg 2 yZg i Z 0j Cjjjj j9[2 (0 j9 Z 

o In dimension four (Af 4 ) we have the sum of the following 
terms: 

• z \f J xzj *Z \*zi 1^xD 6+ | M ® D s _, M ® Dq ; with 

Ibl = b^ + b z + bg + b 4 =4,5,6. 

• Z^Z^xZ^xZ^xD^ ®D 7 _| 6 | ©fl 2 ; with 

|b|| = b t + b 2 + bg=4,5,6,7 and b t > 2. 

• z[fyzjtoxzl b ^xZ^xD i+ 1 © D s _ m © D t ; with 

|b|| = b t + b 2 + bg and b t > 3. 

• Zg 2 ;vZg 2 yZ^" .i’Z^-- r @£ | c._ b ®-'i \ with 

\b\ = bi + b2=4,5,6,7,8 and b t > 3. 

• Z® yZ* J *4^JfZ« xD 6+ 1 i| ® D s ._| & | ©D 0 5 with 

| b| = b 1 + b 2 + b g =6,7,8,9 and b 1 > 4. 

• Z-g 2 y^g 23 ^3;2} ,ji '2L"-^“ l &-i-0 ® ^'3 -S ® j with 

£>=4,5,6,7,8,9. 

• Z™yZnyz£hzg' } xD 6+m ®D 9 _ m ®D 0 ; with 

|b|j = b t + b z =5,6,7,8,9 and b t > 4. 

• Znyz£ ) yz2r*4i J * E Wi ®°9-i« © 5 = ; with 

|b| = b t + b z =5,6,7,8,9 and b t > 4. 

• Zg jJ'Zg i^zi 1 - .t'Zi 1 " vD 7+ |^| ® P 7 _ |^| ® D i ; with 

\b\ = bi+ b2=2,3,4 _ ,5,6,7. 

• Z^yZajZZ^xZ^-xPj+ifci ®jD 8 _| fc |® O 0 ; with 

|b|| = b 1 + b2=3,4,5,6,7,8 and b t > 2. 

• ‘ x ^ 7 +b ® ^ 2 -b ® ; with 

£>=2,3,4,5,6,7,8. 

o In dimension five (jVf 5 ) we have the sum of the following 
terms: 


► Z^xZ^xZ^hz^xZ^xD 6+w ®i> 6 _| 6 | ® D s ; with 
b| = b t + b z + bg + b 4 + b 5 =5,6. 

1 ^3i> T Zi i " -^2 1" xZ^ J - .i'Zj ^ a D | b \ ® &j-\b\ ® Z>2 ; with 

; = b 1 + b z + b 3 + b 4 =5,6,7 and b A > 2. 

► Z\ fyZ^xZ ^jrzi b ^xD, 6+ , bl ® D t _, bl ® D ± ; with 

b| = b t + b z + b 3 + b 4 =6,7,8 and b A > 3. 

► Z a2 yZ al yZ^-jzii : -^i : -^ 6+ | 6 | ® D B _ m ® D t ; with 
b| = b t + b 2 + bg=5,6,7,8 and b A > 3. 

► Z^yzf^xZll*xZ'\*XZ[l^xD ,, b| ® D ,_^ ® D 0 ; with 
b| = b A + b 2 + oz H" b 4 =7,8,9 and b ^ ^4. 


Zg jJ'Zg jyZg 2 yZ 2 ± - xZ 2 ^_' xD 5 _|0 iDg_ I ® D g, ; with 


with 


with 


21 21 

b| = b ± + b z =5,6,7,8,9 and b t > 4. 

► zgyZrirZjpxZjpxZitoxD^w ®D 9 _ m ©U 0 
b| = b! + b 2 + b g =6,7,8,9 and b L > 4. 

► Z^yZ^yZ^xZ^xZ^xD 6+]b , ® B 9 _ m ® D c 

b| = b t + b 2 + bg=6,7,8,9 and b A > 4. 

► Zg : yZg ^zZ^hZ^xZ^xD-^ ® D 7 _ m ® D t ; with 
b| = b^ + b z + bg=3,4,5,6,7. 

► z'q?yZq ;1 zZ< \ : -'xZ { 2 \>-'xZ { 2 **>XD,+ w ® O a _ m ® D 0 ; with 
b| = b t + b 2 + bg=4,5,6,7,8 and b t > 2. 

► Zg 23 'Zg 2 yZgi-^Z^- xZ i" ^- xD 7+ j ® j9b_ [ jj\ ® Zir., ; with 

b| = b z =4,5,6,7,8 and bi > 2. 

o In dimension six (Af 6 ) we have the sum of the following 
terms: 


• Z^yZl^xZ^xZi^xZ^xZ^xDs +|fc| ® D 7 _ m ® D 3 
with | b| = bj + b z + b z + b 4 + b s =6,7 and b x > 2. 

• Z^yZ^xZ^xZ^xZ^xZ^>xD t+w ® D s _, b | ® D t 
with |b| = bj + b : + b z + b 4 + b 5 =7,8 and b x > 3. 


: 


• Z^Z^Z^Z^xZ^xZ^xD 6+[b | ® D s _ w ® D t 
with | b | = b t + b : + b z + b 4 =6,7,8 and b i > 3. 

• zg^yZ^xZ^xZ^xZ^xZ^>xD 6+w ® D B _ m ® D, 

with | b| = b A + b z + b z + b 4 + b 5 =8,9 and b x > 4. 

• ZqtyZqtyZ^yZ^xZ^xZ^xB^ m ® D 9 _ w ® D 0 ; with 
|b| = b t + b 2 + bg=6,7,8,9 and b^ > 4. 

• Jf - i 2l"" JCi 2i"" Jf Z2i 4t AD 6 + |^[ ® ® ^.[f » 

with | b | = b x + b : + b z 4- b 4 =7,8,9 and b t > 4. 

• Zstyzgyzirxz^xz^xz^xDs + , 6 | ® n 9 _ m ® d 0 ■ 

with |b| = bi + b : + b z + b 4 =7,8,9 and b t > 4. 

• Z&ZaZZjtoxzjpxZjtoxZitoxDt+w ® D 7 _ m ® D l ; 
with |b| = b t + b 2 + b g + b 4 =4,5,67. 

• zgyZqtZZ^xZ^xZ^xZ^xD^n ® D s _ [i{ ® D a , ; 

with |b| = b t + b : + b z + b 4 =5,67,8 and b t > 2. 


Zq 1 yZq 1 yZ 31 zZ^xZ^xZ^xD 7+lbl 0 D B _ m ® D 0 ; 
with b| = bi + b : + bi + b 4 =4,5,67,8 and bj^ > 2. 
o In dimension seven (M -) we have the sum of the following 
terms: 

• ^g^yZ^j - jrZ z i x±r 2 ^Jfi- 21 XZ 2 1 JfZ z 1 xD 1 g D & ® jD 2 

• Z^ 2 - yzfixZ 21 xZ 21 xZ 2i xZ 2 1 .tZ 2 1 vD i4 0 D z 0 

Z^Z B 2 yZ^xZ^xZ^xZ^xz!^xD 6 + m ® D B _ m ® D t 
; with |b| = b A + b : + b 3 + b. + b 5 =7,8 and b t >3. 

• Z^ yZ^xZ 21 xZ 21 xZ 21 xZ 2 1 xZ 2 1 xD L5 0 jD ^ 0 

• Z 3i yZ 3i yZ„yZ^xzg*xzMxzg*xD 6+ M ® ^s-I&I ® D u 

; with | b| = b t + b z + b 3 + b 4 =7,8,9 and b A > 4. 


r ' 7 - ir 7 y 7 ‘yD ,,, n -, D 

32 .1^324^21 ~ ij ~'21 - Tj ^21 ^21 ^"21 Ji * + |£'| ® ^9-|h| ® ^ 

with | b| = b t + b : + bg + b 4 + b g =8,9 and b t > 4. 
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r ir 7-£y7 ^L?vT - '-^ v7^'^ yD ft .v, r> 

‘3 2) *3 2 >^21 ^*21 ^21 ^21 ^21 J *® + |.b| ‘53 

with | b| = b^ + b z + b z + b 4 + b 5 =8,9 and > 4. 

» Z^Z^zZ^xZ^xZ^xZ^xZ^xDj+w 0 D 7 ._ m ® D t 

with |b| = bi + b : + b z + b 4 + b s =5,6,7. 


7^-1/7 yT : y 7^4^ S y7^^Yf> i- D (9j D 

Zr,nn } Zg t^2 1 X *21 **21 **21 **21 *^7+1^1 Cy Cy "0 


32 


; with | b| = bi + b z + b z + b 4 + b 5 =6,7,8 and ^ > 2. 

• ZbVZbVZ'si* 4r i : '^ir^i^*£» 7+ it, ® it, 0 Z? 0 

; with |b| = ^ + b z + b 3 + b 4 =5,6,7,8 and b i > 2. 

o In dimension eight (3f B ) we have the sum of the following 
terms: 

• Zg 2y Zg 2 yZ -2 j_" XZ 2 1 Z 1^Z 2 1^ ^ 2 1^* 2jA^14. ^ " !© 0 1 


Z-, ,■vZ- iVZn - vZ* ? J acZJE ? z -jZ; ^xzi ^xzSPxD* 


a 


' 32 /^ 32 /^ 32/^21 **21 **21 **21 **21 * JL ^ 6 +|. b | ® J ^ l 9 -| l ?| ® 


Where the A T are the sums of the lascoux terms, and the B - B are 
the sums of the others. 

Now, we define the map ^ from B 1 to A 1 as follows 

f2'i i 

• i— ^-^ 2 L x ^ 2 i(. v ) ; where 


v E D £ © D 4 © £> g 

• z®x(X> ^ai^OO 

• z‘f *C*3 -+ j2a*^W 


• Z^V) •"* gZa^V) 

• Z*V) -► ( v ) 

• 4s VOO \ Z S2 y^a. 0) 

• zlfy(y^^ 2 yd^(y) 


; where v E jD ? © jD 3 © Z> 3 
; where r E U lfl © B z © I> 3 
; where r E U u © Zq ©Z> 3 
; where v E Z> lz © D c © Zq 
; where r E D 6 © Z> e © D t 
; where i? E Z) 6 © Z> 9 © D : 


We should point out that the map oq satisfies the identity: 

(3.1) 


~ ' J 3,3 C , 


; with | b\ = + b z + b z + b, + b 5 =8,9 and b t > 4. 

• Zi^ 32J r ^2 1 ^^ 2 L -^-^21 -^“21 -^2L - ^ ^ 2 L - ^L5 © ©jDjji 

• Zg^yZg n ■ yZn pXZn ^X-Zn^X- Zj Zj L JC Zj, D & © Dq ©iDj; 


^ 27y 7 ^ 2 




21 






21 


21 


21 


CRl j5- 



; with | b| = bi + b : + i? 3 + fc> 4 + b 5 =6,7,8 and bi > 2. 
o In dimension nine (M 9 ) we have the sum of the following 


terms: 


^3 2y^3 2y^3:2 yZn* Z 2 1- 1 ^ l- 1 ^ l- 1 ^ l- 1 ^ 1 - Tj ^1E ® © Z>P, 

® f- 1 " © jf 1 

tT’O'x} -t ^.z >- ?■ ^ i ■ >- -t -- -s / -u- -7 


^ 22/^ 32^ n“ 21- 21-^ 


21 ^2, ^21 


.vZ| 3 ‘ s '.vZ? T+il @JV-n S'^c 


; with | b| = bi + b z + bz + b 4 + b 5 4- b e =7,8 and bi > 2. 
o In dimension ten 0Vf i: ) we have the sum of the following 


terms: 

• Z 22 yZ 22 yS 21 zZ^- xZ^xS^xS^xZ^xS^xZ^xDj., © D c © D c 


III. Lascoux resolution of the partition (6,6,3) 

The Lascoux resolution of the Weyl module associated to 
the partition (6,6,3) looks like this 

r. s s ii j 

9 — 9 — 

- - 9 - - 9 - • p, S p. £ r. 

where the position of the terms of the complex determined by 
the length of the permutations to which they corresponds. The 
correspondence between the terms of the resolution above 
and permutations is as follows 
jD b F © B S F © jDg T *-* identity 
D 5 F ®D 7 F ©Z> g T e-j (12) 

D 6 F © D 2 F © D 7 F e-j (23) 

D 5 F ®D 2 F ©D s F ^ (123) 

D l F © D 7 F © D 7 F ^ (132) 

Now, the terms can be presented as below, following 
Buchsbaum method [1]. 
jVT c , — 

j^i = -4.1 © 

^ 2 — 4. j ^ B z 
Mq = 4.g ® Bq 

; for 7=4,5,6,7,8,9,10.^- = Bj 


^1 





Where by we mean the component of the boundary of 
the fat complex which conveys >li to A z . 

We will use notation 5 Al+ ,^ ^ u . 5 , etc. Then we can define 

: ■ i 4-i —> 4." as . 

It is easy to show that & t which we defined above satisfies the 
condition (3.1), for example: 



At this point we are in position to define 
b 2 : 4 2 -* 4 A by & 2 = ^a z a 2 + ^a 2 b._ : 
Proposition(3.1): The composition c d 2 = t) 

Proof: [1],[2] 

dj_» d 2 (m) = 4 ijSo »c^f”) + ff i a ^c™)) 

= S A^ - + S AtSm o e L o ^(Jra) 

But 5 j1 . j , o »tr L - . Then we get 

» dj Cm) = ^,4, » ^ Cm) $ Ai b, Cm) 

Which equal to zero, because of the properties of the 
boundary map 5 [1] , so we get that b L ft 2 = O.n 


Now, we have to define a map \ B 7 -* A 


Such that 

L'fU/T + ff l ° ^5,5, = (^fl a A 1 + 

• Zj|'jcZ 2L jc(i?) i—^ 0 

• Z 2L jtZ.nJ' l 5:(v) i—► 0 

• Z2l'JcZ 2L jc(i?) i—^ 0 

• Z^xZ^x(y) i—0 

• Z 21 xZ2 [_'*(!?) I—► 0 

• Zij J jrZ zl j(i ? ) i—► 0 

• Z^xzlfx(y) 8 —t 0 

• Z^xZ^x(v) §—$ 0 

• Z 21 xZ2^-X(l?) i—► 0 

• Z^-xZ zl j(r) m 0 

• Z^xZ^y r(w) s—0 

• Z^xZ^x(v) s—>■ 0 


-°^ 1 ) 

c ^2 (3.2) 

We define this map as follows 

where 

v G D.~ 0 jD’g 0 D q 

where 

V G Z) ? 0 Dq 0 D q 

where 

v G D t0 0 D, 0 Dq 

where 

V G D w 0 Dj 0 Dg 

where 

l’ G U 10 0 D 2 0 Zt a 

where 

l' E 0 Dj 0 Dq 

where 

v G D n 0 D 1 0 ZJ g 

where 

l)Gfl u 0J>i i® Dq 

where 

v G £' n ©£»l 0^3 

where 

1? E J? i2 0 D z 0 J? 3 

where 

l’ G D u ®D 0 0 Dq 

where 

r G D u 0 D z 0 Dq 
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Application of the resolution of the characteristic-free resolution of Weyl module to Lascoux resolution in case (6,6,3) 


i 1 


v 


v 


V 


V 


i ^ 0 ; where 

Z 21 xZ^-jc(v) 8 —* 0 ; where 

Z S2 yZ^x.(y) i ► \ZnyZ™xd^W 

G ® jDj. 0 D 2 

Z 32 yz'f*(i') ~ - & Z^Z^xd^(y) 

G D 19 © ZJg © 

ZnyZ^xp) ~ ^Z a2 yZ^*fl£V) 

G D lt © D 2 0 D 2 

Zz2Y4 1 X (. V ) 77 Z g; n yZj^JC'Sn 


v G B u © D z © D 2 
V G D u 0 D 0 0 Z > 3 
; where 

; where 

; where 

: where 


’ where 


E @ ^ i 0 ^ 2 

^327^21 < V ) H 2 i ^33^31^21 

t £^3 0 jDri 0 B% 

Z^yZ|^ - ^yZ^xa^fy) +|z 33 yzg j ra 31 { r) 

; where v G £' ? 0 U 5 0 ^ 

Z^yZj^xOO ^z^yz^a^^CiO +^y^MiW 

; where v G B 1Z 0 B 4 0 D 1 


Z^yZ^xM » ^Z^yZ^xd^fd^iv)-\z^yZ^xd^^ 

; where v G £> n 0 £> g 0 D 1 

• Z^yZ^xCv) ~ ^Z 22 yZ™xd™d 21 { V ') -^Z 31 yZ 3L zd^(v) 

; where v G D 1Z 0 Z > 2 0 D 1 

zg’yzg’zOO ~ ^Z^yZ^xd^J?) -^yZ 31 _zd^(y) 

; where vgD 13 0D l 0 B t 

• Z®yZ®z(V) « ; where 

ffEAygDu®^ 

3 


Z£ J yZ®x(V) w 5Z m yZ®*3®Cv) 


- J ZgsyZ^xag 5 ^ (?) - 5 ^ 2 ( pa 3I (?) ; where 

v e D n 0 D 4 0 D„ 

•Z® yZ™x(v) H i Z^Z^-a^a^' tv) - 1 Z^yZ^Ca,, (v) ; 


where v G £> n © £' 4 0 B z 

•zgjzg j&i h. ^Z 32 yZ® (u) 

- ^^aay^f *a» 00 - 00 


where v G £' 1Z 0 £> g 0 £ c 
• z m y z a?*C®) ^ ^^asy^f^jf^ai^aiC®) 


+ ^a^iHi^OO - ^ZaiyZ’nrfn ^®00 


where 


7 C =*-■ il il d L - 21 

17 G jD t g 0 £* 2 © A[J 

)Z™yZ™x(v) Ht Z^yZ™x3™d™ (v)-; Z^Z^jd™S^(v) 


4S 


31 


where v e £ I4 ©A, © D c 
; where v G D 15 0 £^ 0 B z 

• Z^W w j-Z^yZ^xd^'dgXv) 


where 


• Z g2 yZ 22 v(y) i-* 0 ; where v G B t 0 D 2 © D 1 

• Z-oyZgj 7( v 3 ■"* 0 ; Where u G £ 6 0 XJ 9 0 £> c 

f 2 "i 

• *33 y z aay0O ■"* 0 ; where v G ZJ 6 0 D 9 0 

• "^32 7^31*00 ^ g Zg27-^3 2 C^3 » 

V E Z> 7 0 £> b 0 Z> Cl 

It easy to show that £r 2 which is defined above satisfies the 
condition (3.2), for example we chose one of them 

- ffi*iy 0 ( z a : } r Z^f ^(r) 'l ;where v G B 9 0 Z ' 4 0 B 2 

= C®)) + ^ ^31W) - ^327*21 GO 

= g ^ 2 L*^ 2 ^I "^azC v 3 2 ^ 21*^21 “^SlO-O — ^327^2 1 


— It 

- i^2i 


x^d^Cy) 


21 


Z 2 J_x5n ]_-5g L (’ 1? ) ^ ^2 1^ ^2 L ^31 C V ) 


Zg 27^21'^) 


— - Z 2 L-'f C’g n ^ (v) + - Z 2L JCO l 2L Zg^yd^fl?) 

and 


{.^a^ — ®i^!a) ( 3 ^ 327 ^ 21 ^ 21 ^) 

= ^1 + 5 ^ 21 *^ 32 ^ 21(^3 

— 7^21*^Z1^3 2^2l(^3 + “ Z 2 1 ^' £?2 i^g l(l?3 


- Z a2 y5jf O) 
" z aj> r ^f C®) 


— 6 Z 2 i_x5g 2 5 2 1 ^21(>3 6 ^21* ^21^31 ( 1? 3 + a Z^21* ^21 ^31&’ 3 
z 31 yd£x*) 

- ^Z 11 x3 31 a 2 f Ci?) Z 2L xd 21 d 3L (y) - Z gl yd^(y) 

Proposition(3.2): we have exactness at ,4, 

Proof: see[l] and [2]. 

Now by using tr 2 we can also define 

0 3 : A 3 —> A 2 by 9g = l AjAl + &2 D S A J S l 

Proposition(3.3): c ^3 = 0 

Proof: The same way used in proposition (3.1). □ 

We need to define : j5 3 —* ,4 g which satisfying 
t'5 2 A 2 + a 2 0 ^ 5 , - + ff 2 D ^jfi,3 c ^2 (3.3) 

As follows 

where v G B s 0 D g 0 £> a 
where v GD lfl 0 B z 0 Z > 3 
where v G Z? 1C 0 £> n 0 D 2 
where v G B 1Z © £' : 0 Z > 3 
where 
where 


Z 2 L> rZ 21* Z 2 


Zj i''*Z a L xZ 2L x (y) HH. 0 
(2) 


8 —^ 0 


Z 21 xZ"*Z 2L xfu) m 0 
ZjiZZjiZZ^-ztr) h-> 0 
Zl^ > xZ 11 xZ 21 x(y') i— * 0 
Z^xZ^xZ 1L x(y} ^ 0 
Z’ 2 " 1 'xZ 2 !jZ; 1 — * 0 ; where 
Z 21 xZ^xZ^x(y') •—‘ 0 ; where 
Z 2 ixZ^xZ 21 x(y) 1 — ► 0 
Z 21 zZ 21 zZf 1 -x(v) 0 

Zij-'jrZjiJrZjjjrCi?) i— > 0 

Z^xz£'xZ 21 _x(V) ^ 0 
Z^xZ^xZ^xly) i-» 0 
Z®*Z^xZ al x(v) i-> 0 
Z^JtZ^xZlf xfv) m 0 


Z^ 3 *Z al *Z^f*(v) HH. 0 


ZjjJcZJpxZjjXfy) I—* t) 

■W 


Z 2 i*Z 2 i^Z^i' ^(^3 *—► E) 
ZjjXZjjpxZ^Vv) i—^ 0 
ZaXZ^xZ^xCiO ^ 0 
z 3 2 > r Z n p *z 2 ]_ x ( 1 ^ 31 —* 0 

ZgjyZ^'aZji.rO') ^ 0 
Z^yZ { 2 ^xZ { ~Vx(v\ i-» 0 


P 21 


Z 327 Z 2 i'*Z 2 ! .T(y 3 l_ ^ 0 


Z 327 Z.n L'*zi p'.f ( 1 ?) i—* 0 ; where 
Z 327 Z .2 i''*zi s—^ 0 ; where 
Z g 27 Z;pAZ 2 iJ | :'r 3 i—> 0 ; where 

Z327^t-*Z^*00 8 —)■ 0 
Z 32 yZ^-a-Z^-x(iO ^ 0 
Z aj yZ^>zZ^-ztr) ^ 0 

Z a 3 yZ;yjrZjiJr(i') i-» 0 
ZgajZj ^xZj^xfw) h-» 0 


r G £) n 0 Z> ± 0 J> a 
i' £ Du 0 D 1 0 D 3 
v GZlij 0J>! 0 D 3 
v G D n 0 1\ 0 D q 
v G D n 0 D 1 0 D a 
v G D n 0 D l 0 Z> a 
r G D 1Z 0 D z 0 D q 
17 G jD ^2 © ^ E © £ f g 
17 G £> 12 0 £l c 0 jD g 
V G £> 1Z 0 B z @ £> g 

V G £» 12 0 B z © £> g 
17 G B u 0 £ z 0 £) g 
"37 G jD i 2 0 jD jj 10 B g 

v G D 12 0 Bp 0 D 3 
17 G £ 1: 0 £ c 0 iD g 

V G £> 12 0 B z 0 £>;g 
V G D 9 © £ 4 0 £> 2 
17 G £ 1C 0 D 2 0 Z > 2 
17 G B^y 0 £>g 0 B 2 
v G B n 0 B 2 0 £ 2 
I? G £' n 0 B 2 0 £u 

■17 G U 1L 0Z> 2 0 B 2 
v G £> 1Z 0 B i 0 £> z 
where 17 G £> 1Z 0 B\ 0 £' z 
where 17 G £' 1Z 0 D 1 ®B 2 
where r G £' 1Z 0 £>! 0 £J Z 
where v G £' 13 0 B z ® B z 

where l- G D^g 0 £' z 0 £fi 


where 
where 
where 
; where 
; where 
; where 
; where 
; where 
; where 
where 
; where 
where 
where 
where 
; where 
where 
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7 

z 32 


yZ'^xZ^-'x(v) 0 

Z 32 yz£-xZ'£'x(v) i—^ 0 
Z ii yZ^xZ?yx{ l v') i-i 0 
z£yz£xZ 2l x(v) » 0 


where v £ D n ® D z 0 D 2 
; where v £ £> 1Z ® D z ® £> z 
; where r £ £' 1Z 0 £>, D © £> z 
; where if £ £> 13 0 £>' c 0 £) z 

• ; where 

v £ D n ® £> g 01?! 

• Z^M!V) — ^ (ZayZ^zZ^xS® (r)’ 

V 6 ZJ i± © Z> 3 © i>i 

® ^32 yZ^^ ^■■^21 -*■ 0 ) 7 ^ ■> where if E ® D-> ® 

i j Z^vZ, i zZ m *9if J U 1 ") i ; where 

■r £ jD 1z 0 D 2 ® I?! 


where 


^32 y^21 ^1 *00 1 * n [ Z 32y Z 31 zZ 21*^21 


■C0„^W„ t C3), 


z aa y z 2 i ^ai *< v ) 51 ^ 32 ^ 31^-21 


where 


3 (^32^ 3 1 ^ 2 1-^21 C 1 ) ) 

if E £> 1Z ® Z> 2 ® D 1 

• Z^yZ^JGZ 31 x(v) »—* 0 ; where v £ Z> 13 0 D\ 0 D 1 

• »—* 0 ; where v E £> 1Z 0 D\ 0 D\ 

• Z^yZ^xZ^x(v)^h^yZ 21 zZ 21 xd^(v} ; 


17 E jC*! j 0 D! ® 

• Z^yZ^xZ^'xfv) i ► | Z g &Z at zZ at x4?0') 


1 E jD^g 0 D} ® 

• 7 ‘ _l y7 

• Z 32 -21 ^21 


1 —— — Z 3 3 yZa jzZ-2 ^ 


v E 0 14r 0 D 0 0 D 1 

• Z m vZ m xZ^ 
i a3-r i 21 Xi 21 


vz^xzr j x{p) *-^ -;z 3 2i> r Z 31 zZ 31 % 


*1 
m 


00 


where 


where 


where 


2 z a zy z a i zz 2 i - tz; 2 1 

v E 0 D 0 ©I?! 

• - tZ 2i" ■* 00 51 ^azJ'^a 1 ^ 21 ^ 21 ' ( ■ 
v E 4 ®D 0 ® Z> i 

• Z^-'yZi^'jtzi^-xfif) 1 —* 0 ; where if E J? w 0^0^ 


where 


Z^-'yZ^jZ^-'jiy) 1 —* 0 ; where v E £) 14 0 £) c 0 D i 


y^vz^z 


32 -■ 


jL- n H J 


r Zl -“"21 
r E D n © fl 4 © Dp 


& ^ZgjyZgjZZ^I^ j 


where 






u 


?? ^ Z^lZ^x Z^X'S^S 1 ^ (-Lr’} 


m 


; where if E £' 1: 0 £> 3 ® £) c 

• z«yz£; J *z£> *{» ■-> 1 {z^z„sz„x^> S„ (*)) 

v E D 12 @£> 3 @ £>,- 


where 


7 ?) v 2 ^x3 

“23 -'■ i 31 ^“33 


A'(tr) •—> 


, m ( Z ny Z n aZ n*^i^^ ^Z 33 vZ j^sZ 21 xB 2 z^zt f 


where i? E £' 13 © £' z © D z 


z%yz%*zs 


-:z'-n —nXt.v) 1 -* 

| (2 ^yZ^sZ^x^ 1 3 17 ft’)) - ^ Z n*^ : ' 1 >’) 

where v E Z> lz 0 £' z 0 D z 

i 

Z%yZ'£xZ%x (!?)•-» 


-:C 


2 3^ 23^ 33 


ardS^n) “ ; (^ 23 ^ 21 ^ 23 ^^ 33 ) 


where v E £> 1Z 0 £' z 0 £» c 
Z^yZQxZ^v) «-s 7 - {z^yZ^sZ ^22 C^)} - 


1 . - 

31 


“j --“T ,_ ■jr 

22!>- i 23-^33- 


« - 


; where v E O u © J? ! © B 0 

Z«yz£>*Z«*(v) ^ (if) - 

” ^323'^31 J ^a*^^23fr) 

; where v E 0 0 £i* 


Z^yZ^xZ^x(.v) ' •-> ^Z 12 yZ„jZ 21 i^?a 33 Ci?) - 
; Z ^Z n jZ n x^ } 3 ai ( 1 ?) 

; where i 1 E I> 14 0 0 D z 

• 

Z»yZ£>*Z»*(v)^ 

~ ” (Z 22 IVZ n X^d n (trO^ 1 “ (Z 33 lVZ 3 -]xZ ) 


; where if e D 14 ® ^ 1 


■Cal 


- -32 •-» -^^a2yZ aL zZ 21 .re 3 C i 6:i 0 gl w) 

where where V E J > 15 © D b © J> B 

• Z™yZ™xZ™x(v) ^ (z 3i yZ 31 zZ 51 x^ : f a 31 fi;)) 

where v E £' 15 0 D z 0 jD : 

• Z®y Z 21 ^Xl 3 *C V ) - y (z 3 2F Z 3i zZ 2i* 3 M ,a 3i( p )) 

where if E I > 15 © D z 0 £' : 

• Z®yZ®*zff*C*) •-» -;Z aj yZ al zZ 3 631 ( 1 ?) 
where if E £' 15 © £•« ® £? 0 

*< p ) -^ -i(z^yZazZ^x^j 3™(v)j 
where v E £' 15 © D~ © D z 

• Z 32 yZ 32 yZ^l‘x(y') i-> 0 ; where v E £ 3 © D s © D\ 


z wy z 32 y z 2 t x (?) M 0 ; Where r E £l 1E © D A © 


Z □ 17 vZ □ "i vZ 


(5) 


3 2} “32_f “21 


I—^ 


-i( 

is V 


rr , r rr _^r v ■ ^- ! 

^32/ P 21 


■Cl’)) 


where 1 ? e D^! © £i g © 


• Z al yZ 32 yZj]_'xCr) »-> - — ^Z ai yZ 3L zZ 21 xS^ J Ci?) 
where v E jD i; © D 2 © D 1 


yZ ai yZji xCt) >-> 


V ■£b i M 


--f 

21 V 


3 iV r z a i zz 2 j_a- ^ 1 


,:rc? 


( 5 ^ 


m) 


where v E £> L3 ® £>! 0> 

•Z a2 yZ a2 yZ^ i“V(iO I—^ 0 ; where v E 01? 0 0 D x 

• Z g z yZ gz yZg z y (v ')»—* 0 ; where if E £> 6 0 £' ? 0 D z 

• Z^yZ^fMy) —-KZaayZMzZ^fa^Cir)) 
where r E £' 1: © £' s ® £•» 

Z M yZayzg’xfp) — ^ (z M yz 31 zz 21 xa^f a„cw)) - 
21 xd£d 31 (v-)\ 


a l Z 32y Z ! 


rr7 

g j jiuii- n ■ 


; where v E£> n 0£> 4 01), 


7 eo 

^32 


y Z 32> rZ 21 1 ^ M ^33^^31^21*^21 ^3 lC v ) J 

— | Zg 3 yZg i^Zn ^ Sgn (v) J 


; where r E £' 1: 0 £>g 0 D z 

9 Z 32 y^31^21 l_ ^ 210 (^31^^31^21^21 ^31^)) 

where if E £' 13 0 £' z 0 D z 
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— | Zg jVZg i j ' e 3 n(» J 


where v E © B 1 0 Dn 

^ 2~^21 ■" ' ^ ’ where v E D^ : 0 J'jj 0 


Z 32 yz'£-yzl?x(v) ^ 


3 ^ z 32 y z a i zZ 2 i J l," 2 &0 J 

where v E B 1Z @ Z> 5 0 D c 

• Zziyzg’rZi?**) •-* - j (z^Z 3L zZ 2L xd^d 5L (y)j 
where v E D n ® B 4 0 Zu 


Z^yZ^yzJfjEOO •-* - j (ZnyZn^a^u 4iiC v )) 


77 Z 32> rZ a i zZ 2 i ^aj GO 


15 


; where v E D 1: ® I> g 0 £ c 

Z 32 yZ™y4?*^ ^-^aa^i^i^f^iGO) - 

JT (z^Z^ 1*^21* ®32 GO) 

; where v E Z> ig 0 jD z 0 jD c 

• Zrf^Z^yzif *M •-» - £ ; 

where r E £> 14 0 lb 0 B z 

r 2 % 

® Zg^yZgj *C^0 ^ f j where u E D ■> = 10 D« 10 D« 

• Z a2 yZ a L zZj^x (i?) i— ► ^ (z 32 yZ a L zZ 2 L xJ 2 L M) ; where 

i’ E jD ? 0 Z> 5 0 D x 

® ^2> r ^1^21 *00 * * i ^■^323^31 ■^'■^2:1* ^21 00 

V E D 10 0 jD 4 0 Z>i 

• ^323^31^21 *00 1 * ^ ^3^^31 Z ^21*^21 00^ 

V E 0 1L 01^01^ 

• Z^2yZ 9i _zZ^x(y) >->^(ZsffZnZZzjXd'f GO) 
r e d u ®n 2 0 1?! 


where 


where 


where 


7 --vZ,,zzr-*fu) i-v ^fz a2 yZ 31 zZ al x^f GO) 


32.K“31““2l 

V E Z) 13 0 £> t 0 J>i 

• z a2> rZ ai zZ 2?*G0 \ ( Z 32yZ 3L zZ 21 x3^ GO J ; 

1? E fljj © D 0 0 Bi 

Z^y2g L zZ^*00 | - fr ;(z 3a yZ 3L zZ ai *S aa 3 21 Cv)) + 

- (z a2 yZ a i^Zn dj i { v ) j 
; where v E D 9 0 B s 0 B z 

Z M y Z 3L zZ M } ^ V ) ^ £ ( Z a2>' Z 31 zZ 21*^21^31 <>)) + 

7 (z^a L zZ 2 21* 2 GO J 

; where i? E £> M @ £> s 0 D 0 

• Zj;-yZ 31 zZjfxCu) »-►^ (z a2 yZ ai zZ 21 xd^-3 g2 G0) 

where v E £' u 0 £> 4 0 D 0 

Z 3 ;\'Z 31 zZ^G0 — -^(z 3: yZ 31 zZ 21 *0<f 0„&o) - 

J7 1 ZsjyZjiZZjiZfigj 0J J* c V } J 


where 


where 


• Z^yZ 21 xZ^x {p} i— ► ^ |^Z a2 yZ a L zZ 2 l .t c 1 ^" d g L (r) J ; where 
i? E jD^j 0 j& 2 0 Bn 

Z®yZ 31 .zZ^*Cv) ^^(za^yZazZa^^iC*)) - 
— | Z ai yZ a 1 zZ I i j 3j i* ®32 &’)) 

; where i- E £• t4 0 D 1 0 £ : 

• z£'yZ 3L zZ±fx fv) ■ ^ ^ (z 32 yZ al zZ :l x3'ffl ai rir)) ; 
where v E B 15 0 £>Vj, 0 H 0 

• (z a2 yZ a2 yZ ai i-(r)) | —^ 0 ; where v E £ ? 0 Z> B 0 B z 

Again we can show that <r g which defined above satisfies the 
condition (3.3), and here we chose one of them as an example 

(z*?yz£ l jrz£>) ; where refl„ ®3, @fl ; 
-<h (Z‘* ! xZ®x^(tO) +o, IZ^-xZ 3! x5„a al (t’}J + 

<*Z (“S'(f)} + fft \z'£ xZj-.xS^S^Ct’}j +■ 

«4 (zgxZ^x^Cv))-^ (LSZgyZ»x(c)}+ 

^ (z«yz«x^U0) 


= -^Z* z yZ^xaS > a„(v) + ^ ZnyZnaa^Cw) + 

iri+lz^zWxd^d^v) 

= ^Z,zyZ'gxdgdn (v) + i Zz&ZnSdg (v) +1 Z^yZ'gxag a„ ( v)+ 

; a« (e)(*) 

= tv) + jZ^yZg**^^ (*) + Iz^yZ^xag d„ W 

and 

fcjj 3 ^ Z 3I yZ^sZn*a£ } (v)) 

^ (-) z 3: xz 3] x^}a« (*))+i z^yzgt x3« a 33 W +■ 

; 2 33 }’Z^ :i xdgdn Ct') G} Z 3I j’Z‘ Z^yZ^aa^W 

=‘z D yz n ^ 1) (^ +;Z J3 yz£ ) *a£ ) 3 JJ M +^z 32 yz«x^ ) a 33 (v) 

So from all we have done above we the complex 

^ 1 


0 —> >t g 


-^4 A z —U jl 1 


4 At 


(3.4) 


Where 5,- defined as foliowes: 

• ^2(^2i*C v 3) — SjiCp) iwith v E£> 7 @£> 5 @Z> g 

• #2 (Zgjyfp)) = 3^2 O’) ; with v e B 6 ®B 7 ®B 2 

• 

^2 (z 32 yZ^^f^)j = iz 21 x^ 21 d 32 (p) + Z 21 xd 2± (v) - 
Z a2 y5J J Mi i* r tth v E Z> B @Z> 5 ©£) s 


= ^Z g: y5 g: e zl M +: :1 ^;Y:)- 
Z g2 y c 1 ^ 2 ' 00 j ^- r i th p E! £> 7 ®iD l 7 @£i' 1 

and the map c? g defined as : 

§2 (z 32 yZ a 1 zZ-n (r j ) = 

Z :g2 yZi p"j3 g 3 (p) + Z a2 yZ a j zd 2L (i?) j wi th v E D s 0D 6 0i> L 


; where v E i? i: 0 I> g 0 Z) c 


Proposition (3.4). 
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3 ■- 3 

The complex 0 —► A 2 — ^ A t —^ — * if- 6 6 ^ 

is exact 

Proof: see [1] and [2].n 
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